Abstract-From Huygens-Fresnel integral in cylindrical coordinates and by conveniently choosing the phase function from energy considerations, we demonstrate the possibility of approximately achieving and almost freely chosen longitudinal intensity profile along the optical axis for Free Space Optics (FSO) using a simple theory. These phase functions represent optical elements that could be coupled to the transmitter and, in the case of this work, it is shown that axicons and gradient-index (GRIN) axicons, which are commercially available and cost-effective, can be easily designed for applications in FSO systems to overcome diffraction and possible atmospheric attenuations, to increase the link distance or to diminish the power emitted.
I. INTRODUCTION

I
N a series of studies and experiments by the end of the 90's, Aruga developed an interesting method to control the wave front associated with the transmitted wave using simple Galilean telescope [1] - [3] . Well-designed diverging lens with specific spherical aberrations were capable of generating pseudo-Bessel beams, or almost non-diffractive beams, which are known to suffer much less atmospheric interferences than conventional collimated focused beams. These long-range beams revealed to be extremely adequate for theoretical propagation distances of about 50 km, besides having a self-reconstruction property that puts them into advantage when compared to the usual Gaussian beams usually found in free-space optics (FSO). Less power would be necessary for achieving long-distance communications, but no method for choosing or specifying some pre-determined longitudinal intensity profile was unfortunately proposed.
The question of choosing the longitudinal intensity pattern then naturally arises and, although fully tridimensional control-longitudinal and transversal simultaneously-is not possible, optical elements can be adequately designed to provide interesting longitudinal intensity patters. Among these elements we find the axicons [4] , which provide an additional phase function that rearranges the wave front. Linear and logarithmic axicons have recently being designed to overcome the attenuations of a medium obeying Beer's law and to produce exponential growth of the intensity along the optical axis for distances only up to 1 m [5] . This is the idea behind the generation, for example, of the so-called "frozen waves" [6] - [10] . So far, however, even random phase diffusers are designed for extending the depth of focus for short-range applications [11] .
As an alternative, gradient index (GRIN) axicons [12] with a refractive index that exhibits a specific transverse profile can also virtually accomplish any intensity profile along the longitudinal axis. To the best of our knowledge, this paper extends, for the first time in the literature, the previous results for a particular long-range application, showing how to easily design axicons for FSO. Using the same characteristics of energy conversion at the optical axis as in [5] , we go beyond and focus not only at the necessary phase function to create some longitudinal profile, but rather at the specific refractive index patter of GRIN axicons. Commercial availability and ease design of these optical elements turn GRIN axicons into excellent cost-effective alternatives to those short-range methods, mentioned above, in long-range applications.
II. THEORETICAL ANALYSIS
Let us suppose that the distance between a point at the aperture-transmitter-and one on the lossless medium is much longer than the wavelength and that the transmitter emits an azimuthally symmetric perturbation with a phase function , valid for , where is the radius of the aperture. For example, we could take for a lens with focal distance and for a plane-convex axicon with focal length being the wave number. The imposition allows us to eventually specify an annular aperture with central spots. So, Huygens-Fresnel in cylindrical coordinates can be written for the intensity at an arbitrary point in space as [13] (
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Notice that, in (1), the phase function is the only function that can be modified at will, given that the propagation medium is known. This is the key for our method. Let us emphasize that several optical elements, such as plasmonic gratings and graded-index lenses, can be designed and manufactured to fulfill any phase requirements in (1) .
Using the characteristic of energy conversion at the optical axis, a ray tracing theory that, for our purposes, will meet the necessary approximation requirements, can be approximately specified for a given longitudinal intensity profile. Consider an infinitesimal increment for the radius of the aperture. In a first approximation, for azimuthally symmetric problems and due to the converging nature of our lenses, the rays leaving this infinitesimal annular ring of width eventually hit a longitudinal element of the optical axis at a specific point. Assuming no losses, the energy from the ring is transferred to this element so that we may write, for the total energy transferred, that the following formula is valid within (2) where is the two-dimensional normalized power density at the aperture (units of ) and the one-dimensional normalized axial power density (units of ). The phase function can be found as [14] . Equation (2) does not take into account possible diffraction effects, and this may represent predictions with deviations (amplitude oscillations, for example) from the results of an experiment. Because we shall assume specific linear and constant longitudinal intensity profiles, however, in FSO systems such deviations are naturally tolerable. Now, it is a simple task to calculate once and are known. Usually, the power density may be described by a Gaussian profile typical of lasers, , where is a flexible parameter accounting for the adequate description of the Gaussian profile at the aperture. The axial power density may be a linear function of for , a condition typical of a linear axicon, or assume a constant value over this axial region, thus resembling the phase function of a logarithmic axicon.
Suppose that and , i.e., a linear axicon with constant intensity profile at the aperture, where and are constants. For we have, after solving (2) for , and using the result into the integral for
where . Notice that can be freely chosen, and we take it to be such that . It is easy to show that and are intrinsically related by , so that the choice of ultimately imposes the value of and vice-versa.
Using for a logarithmic axicon, the following phase front is found (4) with and . As before, is such that . and are found by . Results analogous to (3) and (4) can be found for the Gaussian power density at the aperture.
Once we have found from (3) and (4) or for any other specific power densities and , we can suppose a thin-lens optical path-length argument to design the additional optical element required at the transmitter, in this case a GRIN axicon. For our purposes, the thin-lens index equation will be written as being the thickness of the GRIN axicon and its central value. This provides a radial refractive index profile responsible for reshaping the wave front of the upcoming wave at the transmitter.
The problem of considering a lossy medium is not so immediate. As a first-order approximation, we can include an exponential term into the right side integral of (2), accounting for losses presented in any medium that obeys Beer's law. In general, however, no analytical can be found from (2) without further approximations. As an example, in the paraxial regime we can perform a series expansion in this exponential supposing and rewrite the phase function as . Finally, should be imposed on a slightly modified Huygens-Fresnel principle (also called extended Huygens-Fresnel principle [15] - [17] ). This turns our model more realistic and allows us to treat fog events in FSO links.
For distances up to a few meters, intensity fluctuations can be eliminated by suitable apodization techniques, and central stops (for example, that could be a simple masking opaque disk centered within the axicon, creating an annular-aperture, or even an annular disk itself), when well designed, could also serve as a means of smoothing the pattern along the optical axis [18] , [19] . Spherical aberrations are special cases of phase modeling, distorting the parabolic phase front at the edge of a lens and producing almost non-diffracting beams because of a constant energy supply provided by this region. In fact, diffraction is always present, but it is minimized by this lateral energy that propagates into the optical axis. Maximum efficiency with central stops results when their radii obeys the relation , but this also implies in an unnecessary waste of power for FSO. Thus, even for long-range applications, apodization and central stops still play quite a significant role to the final shape of the longitudinal intensity profile, being extremely important to its precise design whenever this is really intended to. They, however, follow from a more complicated formulation and, for FSO purposes, both apodization and central stops can be discarded without loss of generality for FSO. 
III. NUMERICAL RESULTS
Let us consider a FSO system where nm, with a transmitter of radius cm without any stops or apodization techniques. Obviously, this implies in deviations of the ideal longitudinal profile from the intensity calculation in (1). Suppose, moreover, that we want both a constant and a linearly growing intensity pattern between m and m. i.e., The resulting intensity profiles are shown in Fig. 1(a) and (b), respectively, while in Fig. 2 the same profile was calculated without any optical elements at the transmitter for comparison. Note that, comparing Figs. 1 and 2, both almost non-diffracting beams along the pre-established longitudinal distances possesses a peak intensity of more than almost 40 times that of conventional methods. Obviously, this could be a serious problem when going over exposure limits and safety standards. On the other hand, this also leads to a potential diminishment of the power emitted by the transmitter. It can be seen that, in average, both a constant and a linearly growing intensity profile can be approximately seen (emphasized by the blue dotted lines). Note that this peak intensity depends upon One of the features of non-diffracting beams is their capability of overcoming the effects of atmospheric absorption and reconstructing their shapes after being scattered or attenuated by obstacles such as aerosols or water drops [3] . The so-called Bessel beams, which are non-diffracting solutions of the scalar wave equation and that can be regarded as special cases of (1) for a specific phase function, for example, are known to have these properties [20] .
The amplitude oscillations in Fig. 1 are a consequence of diffractive effects and have also been observed for short-range applications [21] . The axial intensity profile for long-range communication can be appreciated in Fig. 3 for the intensity profiles of Figs. 1(a) and (b). Figs. 4 and 5 show for m and three distinct values of for the logarithmic and linear axicons, respectively. Note the average linear and constant intensity profiles obtained for all slopes. As and are increased, the axial intensity amplitude is perturbed due to diffraction and deviated from the pre-chosen pattern, as seen in Fig. 1 .
The pseudo non-diffracting characteristic of (1) between the pre-chosen range can be appreciated in Figs. 6 and 7, where the radial intensity profiles shown reveal the Bessel beam-like transverse pattern for the -planes chosen for both Figs. 1(a) and (b) .
We could go further, and require a phase function to generate an approximate constant intensity profile-by using a logarithmic axicon-between two regions, say m and m, as plotted in Fig. 8 . In this case, must be designed by considering two distinct annular regions of the transmitter, as shown in Fig. 9 . Although the absence of stops and apodization techniques, together with the approximations in the theory, do not permit one to observe ideal longitudinal intensity profiles, their approximate control can be immediately and easily implemented in FSO Systems, with obvious advantages.
Let us now turn to the design of the GRIN axicons. For the phase functions shown in Fig. 9 , which were used to generate Fig. 3 .
for the axicons of Fig. 1 . Although some oscillation is present, an average uniform intensity is observed (dashed line) in the range m for the logarithmic axicon, whereas an average linear growing intensity (dotted line) is clearly observed for m for the linear axicon. Fig. 4 .
for logarithmic axicons designed to provide uniform intensity amplitude for m and four different . The average uniform intensity profiles (horizontal dotted lines) are more evident than that observed in Fig. 3 because of the shorter longitudinal distances adopted. Approximate average values are shown as dotted lines.
the tridimensional intensity profiles, we can design our gradient index axicons by taking cm and . These values were chosen because of their commercial availability, and results are presented in Fig. 10 . Note that, because we are trying to include such axicons into FSO systems, the radial variation of the refractive index profile is quite discrete. This, however, is not a limiting factor for manufacturing such optical elements.
IV. CONCLUSION
A simple theory for designing a phase function that generates almost non-diffracting beams for long distances was presented, using the characteristic of energy conservation at the optical axis to predict the intensity profile of these propagating beams. Linear and logarithmic axicons were analyzed using the Huygens-Fresnel principle, and it was shown that, due to diffraction, for linear axicons designed to provide linear growing intensity amplitude for m and four different . Again, the uniform intensity profile is more evident than that observed in Fig. 3 because of the shorter longitudinal distances. the approximation of energy conservation cannot predict the real phase function, although it does can reasonably provide some pre-chosen longitudinal intensity profiles. This, however, is not a problem at all, since for FSO systems a rigorous and exact control over the intensity profile is not immediately required. Designing intensity profiles indeed helps overcoming both diffraction effects and atmospheric turbulences, besides natural obstacles that can temporarily degrade the signal, as shown by previous works using phase-engineered lens or suitable superposition of Bessel beams in the case of the Frozen Waves.
Although we have assumed a lossless medium in our numerical simulations, it is expected that the lateral energy constantly provided to the optical axis due to the extended focus of the designed optical element helps overcoming absorption effects in the atmosphere. However, extending the theory of this paper to account for possible losses in the propagating medium imposes certain theoretical limitations such as analytical expressions for the phase function may not be readily available. This extension, however, is already in progress.
Finally, our results indicate that, because the peak intensity is increased when compared to other conventional methods, one could theoretically work with lower emitting power.
Gradient index axicons present themselves as interesting optical elements because of their ease of construction and relative low cost compared to other phase control elements. Current technology allows to experimentally testing the results of this paper.
